
NonlocalNumericalModeling

•ProblemDescription:
–Nonlocalcontinuumconstitutivemodelspro-
videmicrostructuralmodelsoftheinceptionof
materialfailure,microsystemsdeformationbe-
havior,aswellasotherlength-scale-dependent
physicalphenomena.Nonlocalmodelsalso
“regularize”localcontinuumconstitutivemod-
els,leadingtomesh-independentsolutionsfor
failuremodeling.

–NonlocalmodelsarePDEsasopposedto
localmodels(e.g.,classicalplasticity)thatare
ODEs.Nonlocalmodelsmayalsobeposedin
integralform.

–Nonlocalmodelsrequireboundarycondi-
tions,lengthscalematerialparameters,and
newnumericalimplementationtechniquesthat
arecomputationallytractableandeliminate
mesh-dependence.

•ProjectObjective:
Developarobustandefficientnumerical
methodforimplementingnonlocalmodelsinto
Sandiasolidmechanicsanalysiscodes(i.e.,fi-
niteelementandmeshfreecodes).
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LIGAvoidcoalescence

•TechnicalApproach:
Usemulti-scale,multi-fieldnumericalmeth-
ods(e.g.,variationalmultiscalemethodand
meshfreemethod)toembedfinescalenonlo-
calmodelwithincoarsescalevariationalequa-
tions.

•Applications:Simulatinglength-scaleef-
fectsofductilefractureinitiationandmicrosys-
tems(LIGA)deformationbehavior.



Example:nonlocaldamagemodelusedtocorrect

mesh-dependenceoflocaldamagemodel

•SpatialGradientofPorosity:(Ramaswamy&Aravas1998)Laplacianofporosity

φincludedinporosityevolutionequation(i.e.,φ̇=f(φ,∇
2
φ,...);numberofelements

increasedbyfactorsof5,10,and20

nolengthscalelengthscale



Example:physically-basednonlocalplasticitymodelsaccountingfor

geometricallynecessarydislocations(GNDs)

Kondo1952,Nye1953,Bilby1955,Kröner1960,Ashby1970,... PSfragreplacements
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Example:physically-basednonlocalplasticitymodelsmaybeused

tomodelmicrosystemsdeformationbehavior
•Micro-beambendingofNifoilsdisplaysstrain-gradienteffect(Stölken&Evans1998):

•permanentdeformationatcornersofLIGAshuttleflexures(W.-Y.Lu,8725):



TypesofNonlocal(Length-Scale)Models

•Spatialaveragingofinternalstatevariables:Bazantetal.1988;

mesh-independentsimulations
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•Spatialgradientsofinternalstatevariables:classicalODEevolution

equationbecomesPDE;mesh-independentsimulations;somemodels

aremotivatedfrommicrostructuralobservations

–Bammann&Aifantis1982,Bammannetal.1999:dislocationdiffusion
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–Fleck&Hutchinson1994:curvatureofplasticstrainincludedasinternalstate
variable(smalldeformationtheory)

σ
eff

=σ0

[

2

3

(

ε
p
:ε

p
+l

2
(curlε

p
):(curlε

p
)
)

]

n/2

–Bammann2001:latticeelasticcurvatureincludedasinternalstatevariableto
representpresenceofGNDsatcellwallsandgrainboundaries(finitedeformation
theory)
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WhydoweneedNewNumericalMethodsforsolving

NonlocalConstitutiveModels?

Considerastandardcoupled,monolithicfiniteelementimplementation

(e.g.,deBorst&Mühlhaus1992,...)

•weakformofbalanceoflinearmomentum:
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•weakformofnonlocalplasticityevolutionequation:
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•solvemonolithiccoupledsystem(W)and(Wp)foruandFe:

–prescribeb.c.’sforuandF
e
;whatdoesaboundaryconditiononF

e
mean?

–howchooseshapefunctionsforF
e
?

–howmakesolutionmoreefficient?

–howmakesolutionmesh-independent,i.e.,withoutresolvingmeshtosizeofphys-
icallengthscale?



ProjectSummary

ProjectGoal:

Developnumericalmethodstoembedfine

scalephysicsmodel(weakformofnonlocal

modelequations)intocoarsescalevaria-

tionalequations.

D.A. Hughes

ProjectRationale:resolveunderlyinglengthscale(<10µm)withoutfiniteelementrefine-
menttothatscale,thusensuringmesh-independence(robustness)andcomputationally
efficientsolutions

ProjectApproach:formulatemulti-scale,multi-fieldvariationalequationsbynumerical
methodssuchasthe“variationalmultiscalemethod”(VMM,Hughes1995)andameshfree
method(RKPM,Liu&Chen1995);reliesoncompactsupportofinterpolationfunctions
(e.g.,possiblybubblefunctionsforVMMandexponential“windowfunctions”forRKPM)
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